J. Lurie proved in [Lu1] that for K ∈ Set ∆ , C ∈ Cat ∆ , f : C[K] → C op an equivalence of simplicial categories, we have a Quillen equivalence St
+ f : (Set + ∆ ) /K ⇄ (Set
Introduction
Lurie showed in [Lu1] that starting from the usual Grothendieck construction whereby one obtains a category C f p − → C cofibered in groupoids over C from a functor f : C → Grpd valued in groupoids, one gets, via the simplicial nerve functor, a left fibration in Set ∆ : N(C f ) N p −→ N (C) . Generalizing this to the ∞-categorical setting, Lurie is led to proving that one has a Quillen adjunction:
Here (Set ∆ ) /K is endowed with the contravariant model structure (see Section 2), and the projective model structure is put on (Set ∆ )
C . Note that in the contravariant model structure it is right fibrations that correspond to fibrant objects. The choice of such a model structure is owing to the fact that right fibrations are technically easier to work with than are left fibrations. Further if
is an equivalence of simplicial categories, then one obtains a Quillen equivalence above.
Since our aim is to apply this formalism to fibered categories, it is preferable as pointed out in [Lu1] to work with marked simplices instead. The bridge between both formalisms is warranted by virtue of the fact proved in [Lu1] that we have a Quillen equivalence:
for all K ∈ Set ∆ , where we have put the contravariant model structure on (Set ∆ ) /K and the Cartesian model structure on (Set + ∆ ) /K (see Section 4). In the marked setting we have a Quillen adjunction: 
C implies getting isomorphic representations of natural phenomena after Bousfield localization, and the base Segal categories LC [K] op and LC giving rise to such phenomena are equivalent, i.e. correspond to the same intrinsic natural laws. This would point to a universality of physical laws. Further this is for K fixed, hence we consider phenomena in reference to K, via the weak equivalence L(Set
Had we picked another simplicial set, we would have obtained another isomorphismL(Set
In other terms we have a sort of relativity principle whereby the point of view (being K) dictates what are the physical laws that one should consider. This is partly the vision Grothendieck had as far back as [G1] , namely that Physics should occur in higher categories.
The foundational results, and statements pertaining to the adjunctions whose converse we prove, are all covered in full in [Lu1] and are just included here for ease of reading. No originality is claimed. We just reorganize the presentation slightly for our purposes, and notations may vary only slightly. Our references for model category theory are standard ( [Ho] , [Hi] ). For Segal categories we use [TV1] , [TV2] , [T] , [P] and [HS] . For stacks we use [TV3] and [TV4] .
In Section 2 we discuss the contravariant model structure on (Set ∆ ) /K . In Section 3, we give the unmarked Quillen equivalence (
. Before making the transition to the marked case, we introduce marked simplicial sets in Section 4 and present the cartesian model structure on (Set + ∆ ) /K for K ∈ Set ∆ as done in [Lu1] . In Section 5 we give the Quillen equivalence of [Lu1] : (Set
C . In Section 6 we have to define Top + = LSet + ∆ since we will be using the strictification theorem
. Finally in Section 7 we give the main results of the paper, everything before, with the exception perhaps of Section 6, being initially covered elsewhere. discussions that are both stimulating and illuminating, as well as for the referee of this paper who pointed to an inconsistent claim in a first version of this work.
2 Contravariant model structure on (Set ∆ ) /K For K ∈ Set ∆ fixed, one puts a model structure on (Set ∆ ) /K that Lurie refers to as the contravariant model structure. In order to do so, we need a few definitions. Following [Lu1] , one defines the homotopy category of spaces by 
(we won't need its construction). Recall that if one endows Set ∆ with the Joyal model structure, one has a Quillen equivalence C : Set ∆ ⇄ Cat ∆ : N, where N is the simplicial nerve functor ( [C] ). One says f : K → L in Set ∆ is a categorical equivalence if hf : hK → hL is an equivalence of H-enriched categories. Recall the join of two simplicial sets K and L: if I is a nonempty, finite, linearly ordered set, one has:
In particular one defines the left cone K ⊳ as being ∆ 0 ⋆ K (and the right cone by
is said to be a covariant equivalence if it induces a categorical equivalence:
One says a map in (Set ∆ ) /K is a covariant cofibration if it is a monomorphism of simplicial sets, and it is a covariant fibration if it has the right lifting property with respect to weak covariant cofibrations. Covariant fibrations, cofibrations and equivalences determine a left proper, combinatorial model structure on (Set ∆ ) /K called the covariant model structure ( [Lu1] ). The contravariant model structure on (Set ∆ ) /K is obtained by considering the same cofibrations, contravariant equivalences f are those maps such that f op is a covariant equivalence in (Set ∆ ) /K op , and contravariant fibrations are those maps f such that f op is a covariant fibration in (Set ∆ ) /K op .
Unmarked Quillen equivalence
The construction that follows is done in full in [Lu1] , and is reproduced here for completeness' sake, albeit with different notations. Let
. Consider the pushout diagram:
C op which can be seen as a correspondence:
which itself can be viewed as:
an element of (Set ∆ ) C , for each X ∈ (Set ∆ ) /K , giving rise to a straightening functor:
There exists an adjunction:
which turns out to be a Quillen adjunction if one endows (Set ∆ ) /K with the contravariant model structure and (Set ∆ ) C with the projective model structure. Further if f is an equivalence of simplicial categories, then St f ⊣ Un f is a Quillen equivalence. All this is proved in [Lu1] .
Marked simplicial sets
As observed in [Lu1] , if one wants to regard objects X ∈ (Set ∆ ) /K functorially, one is led to regarding X → K as a Cartesian fibration, fibrant object in (Set ∆ ) /K if this category is endowed with a model structure other than the contravariant model structure, one which necessitates considering marked simplicial sets, which are essentially simplicial sets with a collection of marked edges. Given the interpretation we want to draw from (Set ∆ ) /K , we are led to considering this new model structure, called the Cartesian model structure, which builds up on the one we introduced prior.
As proved in [Lu1] , we have a Quillen equivalence:
for all K ∈ Set ∆ , as discussed in the introduction. We can see this result as a first step towards generalizing the work in the unmarked case to the marked one.
for all L ∈ Set ∆ , where on the right hand side we consider only those maps L ⋆ S → K in Set ∆ whose restriction to S is just p. For C ∈ Cat ∞ , if p : ∆ n → C classifies an n-simplex σ of C, then write
With those notations, if p : X → K is an inner fibration of simplicial sets, an edge u : x → y of X is said to be p-cartesian if the induced map:
One defines a marked simplicial set to be a simplicial set X along with a set E of edges of X (called marked edges) which contains all degenerate edges. A map f : (X, E) → (X ′ , E ′ ) of marked edges is just a map f : X → X ′ of simplicial sets such that f (E) ⊆ E ′ . One denotes the category of marked simplicial sets by Set + ∆ . If K ∈ Set ∆ , we denote by K ∀ the marked simplicial set K for which all its edges are marked. In particular for K ∈ Set ∆ , (Set 
X is an equivalence in Cat ∞ , and the induced map:
is a homotopy equivalence in Kan, the category of Kan complexes. Finally, a map p : X → Y in (Set + ∆ ) /K satisfying those equivalent conditions will be referred to as a Cartesian equivalence.
There is a left proper, combinatorial model structure on (Set 
Marked Quillen equivalence
We have to introduce a bit of notation first. For
, denote by σ * the following induced map:
as introduced in Section 3. Indeed, if we have C → D ∈ C op , this induces Map Γ (C, * ) ← Map Γ (D, * ). In particular for σ ∈ Map C op (C, D) n , one has the induced map σ * as defined above. Now let c : ∆ 0 → X, for X ∈ (Set ∆ ) /K . Then consider:
Let C be the object of C thus obtained. One can extend this map as follows:
where we have morally identified Γ with the set of maps C op → * to emphasize that c ⋆ id corresponds to a map C → * , element of St f X(C), denotedc. Now consider an edge of X as in:
One can extend this to:
where the dotted map corresponds to:
along with a mapũ :c →d • U = U * d . Now for u : d → e an edge of X, one has a corresponding diagram as above:
, one therefore has an induced map σ
where it is understood here that we take the pullbacks of all thoseũ in St f X(D) 1 as defined above. This leads to defining:
There exists a right adjoint Un 
and:
Observe that we have a weak equivalence of bi-simplicial categories:
given by:
To localize F * Set + ∆ , we need a notion of weak equivalence on Set 
Weak equivalences in Set + ∆ between marked simplicial sets are then those maps that induce weak homotopy equivalences between their respective realizations. Let W + be the set of weak equivalences in Set + ∆ . With this notion of equivalence we have a functor:
defined levelwise. We then define:
7 Equivalence of models for natural phenomena
Applying the Quillen equivalence (1) to the case where
op one obtains a Quillen equivalence:
op is an equivalence in Cat ∆ , then one has a Quillen equivalence:
We wish to prove the converse, namely that if we have such an equivalence, then the two simplicial categories we started from are equivalent. This we do after simplicial localization. We construct this equivalence as:
Isomorphism of Segal categories of pre-stacks
According to the strictification theorem ( [HS] , [T] , [TV3] ), we have an equivalence of Segal categories in SePC:
hence an isomorphism in Ho(SePC). We use the isomorphism since Segal categories are objects of Ho(SePC), and their morphisms are in Ho(SePC).
Here RHom is the derived internal Hom in Ho(SePC), with Hom the internal Hom in SePC, the category of Segal pre-categories (see [TV1] for notations). We will prove L(Set 
in SePC, induces an isomorphism in Ho(SePC). Further (3) above gives us another isomorphism in Ho(SePC). Combining both:
where we have taken cofibrant and fibrant replacements. Hence we have an equivalence in SePC:
which allows us to write, for D ∈ SePC:
where we have used that RHom(A, B) ∼ = Hom(A, RB) in Ho(SePC). We conclude QLC ≃ QLC ′ in SePC, and since Segal categories are cofibrant in SePC, we can write LC ≃ LC ′ . Applying this to the case
op ≃ LC in SePC.
Quillen equivalence (Set
Since we have a Quillen equivalence (Set 
which then gives us an isomorphism in Ho(SePC):
Combining things, we have proved:
Note that there are really two statements in this theorem, the first being that L(Set
C implies the equivalence of the Segal categories LC [K] op ≃ LC, or in other terms both Segal categories are equivalent as a consequence of giving rise to the same Segal categories of pre-stacks. The second statement is that K being fixed, the two equivalent Segal categories
op → LC. Prestacks are valued in Top + , where phenomena take place, so K in L(Set + ∆ ) /K appears as a simplicial set relative to which phenomena are considered. This constitutes a sort of relativity principle; picking K gives a point of view, relative to which Segal categories LC giving rise to the same phenomena as those of
Recall that RHom(dk-Aff op , Top) = RHom(L(sk-CAlg), Top) = dk-Aff is the Segal category of prestacks on L(sk-CAlg) ([TV1]), which we regarded in [RG1] and [RG2] as modeling physical laws. Letting C = sk-CAlg, one may ask what reference simplicial set K would such an algebra correspond to. More generally, C ∈ Cat ∆ being given, what point of view K corresponds to such a category? Recall from [Lu1] that one has a Quillen adjunction C : Set ∆ ⇄ Cat ∆ : N, hence for any C ∈ Cat ∆ , a weak equivalence: LC(N(RC op )) → RC op . Since every object of Set ∆ is cofibrant, we have an
We have a weak cofibration C → RC, hence:
op is weakly equivalent to C in Cat ∆ , so we have an isomorphism LC [K] op → LC in Ho(SePC), which induces isomorphisms:
as follows from the marked Quillen equivalence of Lurie ([Lu1]) after simplicial localization.
Physical phenomena
To push the result of Theorem 7.1 further, physical phenomena occur in Segal topoi of stacks, not prestacks, so one has to localize those equivalences. One needs to first put a topology on the Segal categories LC To summarize, we have an isomorphism of Segal topoi of stacks, concurrently with an equivalence of simplicial sites, both of which follow from an isomorphism in Ho(SePC) of Segal categories of pre-stacks. We regard this formalism as a roof diagram: / / LC which we interpret as a weak universality of natural laws.
